$n$-Strongly Gorenstein Projective, Injective and Flat modules by Zhao, Guoqiang & Huang, Zhaoyong
ar
X
iv
:0
90
4.
30
45
v3
  [
ma
th.
RA
]  
22
 M
ay
 20
10
n-Strongly Gorenstein Projective, Injective and Flat Modules∗†
Guoqiang Zhao, Zhaoyong Huang‡
Department of Mathematics, Nanjing University, Nanjing 210093, Jiangsu Province, P.R. China
Abstract
In this paper, we study the relation between m-strongly Gorenstein projective (resp.
injective) modules and n-strongly Gorenstein projective (resp. injective) modules when-
ever m 6= n, and the homological behavior of n-strongly Gorenstein projective (resp. in-
jective) modules. We introduce the notion of n-strongly Gorenstein flat modules. Then
we study the homological behavior of n-strongly Gorenstein flat modules, and the relation
between these modules and n-strongly Gorenstein projective (resp. injective) modules.
1. Introduction
As a nice generalization of the notion of finitely generated projective modules, Auslander
and Bridger introduced in [1] the notion of finitely generated modules having Gorenstein
dimension zero over left and right Noetherian rings. For any module over a general ring,
Enochs and Jenda introduced in [8] the notion of Gorenstein projective modules, which coin-
cides with that of modules having Gorenstein dimension zero for finitely generated modules
over left and right Noetherian rings. In [8] Enochs and Jenda also introduced the dual notion
of Gorenstein projective modules, which is called Gorenstein injective modules. As a gener-
alization of the notion of flat modules, Enochs, Jenda and Torrecillas introduced in [10] the
notion of Gorenstein flat modules. These modules have been studied extensively by many
authors (see [1, 2, 6, 7, 8, 9, 10, 15, 17], and so on). In particular, it was proved that these
modules share many nice properties of the classical modules: projective, injective and flat
modules, respectively.
In 2007, Bennis and Mahdou introduced in [3] the notion of strongly Gorenstein projec-
tive, injective, flat modules, which situate between projective, injective, flat modules and
Gorenstein projective, injective, flat modules, respectively. Then they proved that a module
is Gorenstein projective (resp. injective) if and only if it is a direct summand of a strongly
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Gorenstein projective (resp. injective) module, and that every Gorenstein flat module is a
direct summand of a strongly Gorenstein flat module. Yang and Liu proved in [18] that a
module M is strongly Gorenstein projective (resp. injective, flat) if and only if so is M ⊕H
for any projective (resp. injective, flat) module H. Gao and Zhang gave in [13] a concrete
construction of strongly Gorenstein projective modules, via the existed construction of upper
triangular matrix Artinian algebras of degree two.
In a recent paper [4], for any n ≥ 1, Bennis and Mahdou introduced the notion of
n-strongly Gorenstein projective and injective modules, in which 1-strongly Gorenstein pro-
jective (resp. injective) modules are just strongly Gorenstein projective (resp. injective)
modules. Then they proved that an n-strongly Gorenstein projective module is projective
if and only if it has finite flat dimension. They also gave some equivalent characterizations
of n-strongly Gorenstein projective modules in terms of the vanishing of some homological
groups.
In this paper, based on the results mentioned above, we mainly study the homological
behavior of n-strongly Gorenstein projective, injective and flat modules, and investigate the
relation among them. This paper is organized as follows.
In Section 2, we give the definitions of (strongly) Gorenstein projective, injective and flat
modules.
In Section 3, we study the relation between m-strongly Gorenstein projective modules
and n-strongly Gorenstein projective modules whenever m 6= n, and the closure of some
special direct summand of an n-strongly Gorenstein projective module. For any n ≥ 1, we
give an example of an n-strongly Gorenstein projective module, which is not m-strongly
Gorenstein projective whenever n ∤ m. For any m,n ≥ 1, we prove that the intersection of
the subcategory of m-strongly Gorenstein projective modules and that of n-strongly Goren-
stein projective modules is the subcategory of (m,n)-strongly Gorenstein projective modules,
where (m,n) is the greatest common divisor of m and n. We give a method how to construct
a 1-strongly Gorenstein projective module from n-strongly Gorenstein projective modules.
In addition, we prove that a module M is n-strongly Gorenstein projective if and only if so
is M ⊕H for any projective module H, which is a generalization of [18, Theorem 2.1]. We
remark that all the dual results hold for n-strongly Gorenstein injective modules.
In Section 4, for any n ≥ 1, we introduce the notion of n-strongly Gorenstein flat modules,
and then give an example of an n-strongly Gorenstein flat module, which is not m-strongly
Gorenstein flat whenever n ∤ m. We prove that a module M is n-strongly Gorenstein flat
if and only if so is M ⊕H for any flat module H. We also investigate the relation between
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n-strongly Gorenstein flat modules and n-strongly Gorenstein projective (resp. injective)
modules. We prove that a finitely generated n-strongly Gorenstein projective module is
finitely presented n-strongly Gorenstein flat. In addition, we prove that the character module
of an n-strongly Gorenstein flat module is n-strongly Gorenstein injective; and that the
character module of an n-strongly Gorenstein injective module is n-strongly Gorenstein flat
over an Artinian algebra. These results generalize some results in [18].
2. Preliminaries
Throughout this paper, R is an associative ring with identity and ModR is the category
of left R-modules.
Definition 2.1 ([8]) A module G ∈ ModR is called Gorenstein projective (G-projective
for short) if there exists an exact sequence:
· · · → P1 → P0 → P
0 → P 1 → · · · ,
in ModR, such that: (1) All Pi and P
i are projective; (2) HomR(−, P ) leaves the sequence
exact whenever P ∈ ModR is projective; and (3) G ∼= Im(P0 → P
0). Dually, the notion of
Gorenstein injective modules (G-injective modules for short) is defined.
Definition 2.2 ([10]) A module F ∈ ModR is called Gorenstein flat (G-flat for short) if
there exists an exact sequence:
· · · → F1 → F0 → F
0 → F 1 → · · · ,
in ModR, such that: (1) All Fi and F
i are flat; (2) I⊗R− leaves the sequence exact whenever
I ∈ ModRop is injective; and (3) F ∼= Im(F0 → F
0).
For a moduleM ∈ ModR, we denoteM+ = HomZ(M,Q/Z), which is called the character
module ofM , where Z is the additive group of integers and Q is the additive group of rational
numbers (see [12]). The following result is an analog of [15, Proposition 2.27], which is maybe
known.
Lemma 2.3 A G-flat module with finite flat dimension is flat.
Proof. Let M ∈ ModR be a G-flat module with finite flat dimension. Then by [15,
Theorem 3.6] and [12, Theorem 2.1], we have that M+ ∈ ModRop is G-injective with finite
injective dimension. So M+ is injective by the dual version of [15, Proposition 2.27], and
hence M is flat by [12, Theorem 2.1]. 
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Definition 2.4 ([3]) (1) A module M ∈ ModR is called strongly Gorenstein projective
(SG-projective for short), if there exists an exact sequence:
0→M → P0 →M → 0
in ModR with P0 projective, such that HomR(−, P ) leaves the sequence exact whenever
P ∈ ModR is projective. Dually, the notion of strongly Gorenstein injective modules (SG-
injective modules for short) is defined.
(2) A module M ∈ ModR is called strongly Gorenstein flat (SG-flat for short), if there
exists an exact sequence:
0→M → F0 →M → 0
in ModR with F0 flat, such that I ⊗R− leaves the sequence exact whenever I ∈ ModR
op is
injective.
It is trivial that {projective modules} ⊆ {SG-projective modules} ⊆ {G-projective
modules}, {injective modules} ⊆ {SG-injective modules} ⊆ {G-injective modules} and {flat
modules} ⊆ {SG-flat modules} ⊆ {G-flat modules}. By [3], all of the inclusions are strict in
general.
3. n-Strongly Gorenstein projective and injective modules
In this section we study the properties of n-strongly Gorenstein projective modules. All
the dual results hold for the n-strongly Gorenstein injective modules, and we omit this dual
part.
Definition 3.1 ([4]) Let n be a positive integer. A module M ∈ ModR is called n-
strongly Gorenstein projective (n-SG-projective for short), if there exists an exact sequence:
0→M
fn
−→ Pn−1
fn−1
−→ · · ·
f1
−→ P0
f0
−→M → 0
in ModR with Pi projective for any 0 ≤ i ≤ n − 1, such that HomR(−, P ) leaves the se-
quence exact whenever P ∈ ModR is projective. Dually, the notion of n-strongly Gorenstein
injective modules (n-SG-injective modules for short) is defined.
It is clear that the global dimension of R is infinite if there exists a non-projective n-SG-
projective R-module for some n ≥ 1.
In the following, we first study the relation between m-SG-projective modules and n-SG-
projective modules whenever m 6= n.
Note that 1-SG-projective modules are just SG-projective modules. In addition, for any
1 ≤ i ≤ n, Im fi in the above exact sequence is also n-SG-projective. It is trivial that a
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1-SG-projective module is n-SG-projective for any n ≥ 1. However, for any n ≥ 2, an n-
SG-projective module is not necessarily m-SG-projective whenever n ∤ m, as showed in the
following example.
Example 3.2 Let R be a finite-dimensional algebra over a field given by the quiver:
1
α1
||yy
yy
yy
yy
y
n
αn
oo
2
α2

n− 1
αn−1
ddIIIIIIIIII
3 n− 2
αn−2
OO
n− 4
αn−4 // n− 3
αn−3
::uuuuuuuuu
modulo the ideal generated by {αi+1αi, α1αn | 1 ≤ i ≤ n − 1}. For any 1 ≤ i ≤ n, we use
Si, Pi and I
i to denote the simple R-module, the indecomposable projective R-module and
the indecomposable injective R-module corresponding to the vertex i, respectively. Then
R is a self-injective algebra with infinite global dimension, and Pn = I
1, Pi = I
i+1 for any
1 ≤ i ≤ n− 1. In addition, for any 1 ≤ i ≤ n, we have
(1) The following exact sequence
0→ Si → Pi−1 → · · · → P1 → Pn → Pn−1 → · · · → Pi → Si → 0
is a minimal projective resolution of Si.
(2) For any m ≥ 1, if n ∤ m, then ExtmR (Si, Si) = 0; if n | m, then Ext
m
R (Si, Si) 6= 0.
(3) Si is n-SG-projective.
(4) Si is not m-SG-projective whenever n ∤ m.
For any n ≥ 1, we use n-SG-Proj(R) to denote the subcategory of ModR consisting of
n-SG-projective modules. In the following, assume that m and n are positive integers with
n ≤ m.
Lemma 3.3 If n | m, then n-SG-Proj(R) ⊆ m-SG-Proj(R).
We state a crucial result as follows.
Proposition 3.4 (1) If n | m, then m-SG-Proj(R)
⋂
n-SG-Proj(R) = n-SG-Proj(R).
(2) If n ∤ m and m = kn + j, where k is a positive integer and 0 < j < n, then
m-SG-Proj(R)
⋂
n-SG-Proj(R) ⊆ j-SG-Proj(R).
Proof. (1) It is trivial by Lemma 3.3.
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(2) By Lemma 3.3, we have that m-SG-Proj(R)
⋂
n-SG-Proj(R) ⊆ m-SG-Proj(R)
⋂
kn-
SG-Proj(R). Assume thatM ∈ m-SG-Proj(R)
⋂
kn-SG-Proj(R). Then there exists an exact
sequence:
0→M → Pm−1 → · · · → P1 → P0 →M → 0 (1)
in ModR with Pi projective for any 0 ≤ i ≤ m − 1. Put Li = Ker(Pi−1 → Pi−2) for any
2 ≤ i ≤ m. Because M ∈ kn-SG-Proj(R), it is easy to see that M and Lkn are projectively
equivalent, that is, there exist projective modules P and Q in ModR, such that M ⊕ P ∼=
Q⊕ Lkn.
First, consider the following pull-back diagram:
0

0

Q

Q

0 // Lkn+1 // X

//M ⊕ P //

0
0 // Lkn+1 // Pkn

// Lkn //

0
0 0
Then X is projective. Next, consider the following pull-back diagram:
0

0

0 // Lkn+1 // Y

//M //

0
0 // Lkn+1 // X

//M ⊕ P

// 0
P

P

0 0
Thus Y is also projective. Combining the exact sequence (1) and the first row in the above
diagram, we get the following exact sequence:
0→M → Pm−1 → · · · → Pkn+1 → Y →M → 0,
which is still exact after applying the functor HomR(−, P ) for any projective R-module P .
So M is j-SG-projective, and hence m-SG-Proj(R)
⋂
n-SG-Proj(R) ⊆ j-SG-Proj(R). 
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We use (m,n) to denote the greatest common divisor of m and n.
Theorem 3.5 m-SG-Proj(R)
⋂
n-SG-Proj(R) = (m,n)-SG-Proj(R).
Proof. If n | m, then the assertion follows from Proposition 3.4(1).
Now assume that n ∤ m and m = k0n+ j0, where k0 is a positive integer and 0 < j0 < n.
By Proposition 3.4(2), we have m-SG-Proj(R)
⋂
n-SG-Proj(R) ⊆ j0-SG-Proj(R). If j0 ∤ n
and n = k1j0 + j1 with 0 < j1 < j0, then by Proposition 3.4(2) again, we have that
m-SG-Proj(R)
⋂
n-SG-Proj(R) ⊆ n-SG-Proj(R)
⋂
j0-SG-Proj(R) ⊆ j1-SG-Proj(R). Con-
tinuing the above procedure, after finite steps, there exists a positive integer t such that jt =
kt+2jt+1 and jt+1 = (m,n). Thus m-SG-Proj(R)
⋂
n-SG-Proj(R) ⊆ jt-SG-Proj(R)
⋂
jt+1-
SG-Proj(R) = jt+1-SG-Proj(R) = (m,n)-SG-Proj(R). On the other hand, we always have
(m,n)-SG-Proj(R) ⊆ m-SG-Proj(R)
⋂
n-SG-Proj(R), so they are identical. 
As an immediate consequence of Theorem 3.5, we have the following
Corollary 3.6 n-SG-Proj(R)
⋂
(n+1)-SG-Proj(R) =1-SG-Proj(R). In particular,
⋂
n≥2 n-
SG-Proj(R) =1-SG-Proj(R).
The following result shows that the difference between the projectivity and n-SG-projectivity
of modules is the self-orthogonality of modules.
Proposition 3.7 Let M ∈ ModR be n-SG-projective and n ≥ 1. The following state-
ments are equivalent.
(1) M is projective.
(2) ExtiR(M,M) = 0 for any i ≥ 1.
(3) ExtiR(M,M) = 0 for any 1 ≤ i ≤ n.
Proof. (1)⇒ (2)⇒ (3) are trivial. By the dimension shifting, it is easy to get (3)⇒ (1).

In the rest of this section, we will study the homological behavior of n-SG-projective
modules.
Proposition 3.8 For any n ≥ 1, n-SG-Proj(R) is closed under direct sums.
Proof. Let {Mj}j∈J be a family of n-SG-projective modules in ModR. Then for any
j ∈ J , there exists an exact sequence:
0→Mj → P
(j)
n−1 → · · · → P
(j)
0 →Mj → 0
in ModR with P
(j)
i projective for any 0 ≤ i ≤ n − 1, such that HomR(−, P ) leaves the
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sequence exact whenever P ∈ ModR is projective. So we get an exact sequence:
0→ ⊕j∈JMj → ⊕j∈JP
(j)
n−1 → · · · → ⊕j∈JP
(j)
0 → ⊕j∈JMj → 0
in ModR. Because ⊕j∈JP
(j)
n−1, · · · ,⊕j∈JP
(j)
0 are projective and the obtained exact sequence
is still exact after applying the functor HomR(−, P ) whenever P ∈ ModR is projective,
⊕j∈JMj is n-SG-projective and the assertion follows. 
The following result gives some characterizations of n-SG-projective modules, which also
gives a method how to construct a 1-SG-projective module from n-SG-projective modules.
Theorem 3.9 For any M ∈ ModR and n ≥ 1, the following statements are equivalent.
(1) M is n-SG-projective.
(2) There exists an exact sequence:
0→M
fn
−→ Pn−1
fn−1
−→ · · ·
f1
−→ P0
f0
−→M → 0
in ModR with Pi projective for any 0 ≤ i ≤ n− 1, such that ⊕
n
i=1 Im fi is 1-SG-projective.
(3) There exists an exact sequence:
0→M
fn
−→ Pn−1
fn−1
−→ · · ·
f1
−→ P0
f0
−→M → 0
in ModR with Pi projective for any 0 ≤ i ≤ n− 1, such that ⊕
n
i=1 Im fi is G-projective.
(4) There exists an exact sequence:
0→M
fn
−→ Pn−1
fn−1
−→ · · ·
f1
−→ P0
f0
−→M → 0
in ModR, where Pi has finite projective dimension for any 0 ≤ i ≤ n−1, such that ⊕
n
i=1 Im fi
is 1-SG-projective.
(5) There exists an exact sequence:
0→M
fn
−→ Pn−1
fn−1
−→ · · ·
f1
−→ P0
f0
−→M → 0
in ModR, where Pi has finite projective dimension for any 0 ≤ i ≤ n−1, such that ⊕
n
i=1 Im fi
is G-projective.
Proof. (1)⇒ (2) Let M ∈ ModR be n-SG-projective. Then we have an exact sequence:
0→M
fn
−→ Pn−1
fn−1
−→ · · ·
f1
−→ P0
f0
−→M → 0
in ModR with Pi projective for any 0 ≤ i ≤ n − 1, such that HomR(−, P ) leaves the
sequence exact whenever P ∈ ModR is projective. Thus, for each 1 ≤ i ≤ n, we have an
exact sequence:
0→ Im fi
αi−→ Pi−1
fi−1
−→ · · ·
f1
−→ P0
fn
−→ Pn−1
fn−1
−→ · · ·
fi+1
−→ Pi
fi
−→ Im fi → 0
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in ModR. By adding these exact sequences, we get the following exact sequence:
0→ ⊕ni=1 Im fi
α
−→ ⊕n−1i=0 Pi
f
−→ Pn−1 ⊕ P0 ⊕ · · · ⊕ Pn−2 → · · · ,
where α = diag{α1, α2, · · · , αn} and f = diag{fnf0, f1, · · · , fn−1}. It is easy to see that
Im f ∼= ⊕ni=1 Im fi and Ext
1
R(⊕
n
i=1 Im fi, P ) = 0 for any projective module P ∈ ModR, which
implies ⊕ni=1 Im fi is 1-SG-projective.
(2)⇒ (3)⇒ (5) and (2)⇒ (4)⇒ (5) are trivial.
(5)⇒ (1) Assume that
0→M
fn
−→ Pn−1
fn−1
−→ · · ·
f1
−→ P0
f0
−→M → 0
is an exact sequence in ModR, where Pi has finite projective dimension for any 0 ≤ i ≤ n−1,
such that ⊕ni=1 Im fi is G-projective. Then, for any 0 ≤ i ≤ n−1, we have the exact sequence:
0→ Im fi+1 → Pi → Im fi → 0.
Because ⊕ni=1 Im fi is G-projective, so is each Pi by [15, Theorem 2.5]. Thus each Pi is
projective by [15, Proposition 2.27]. In particular, M is also G-projective by [15, Theorem
2.5], so ExtiR(M,P ) = 0 for any projective module P ∈ ModR and i ≥ 1. It follows that M
is n-SG-projective. 
From [18] we know that 1-SG-Proj(R) is not closed under direct summands. The following
example illustrates that for any n ≥ 1, n-SG-Proj(R) is not closed under direct summands.
Example 3.10 Under the assumption of Example 3.2, we have that ⊕ni=1Si is 1-SG-
projective by Theorem 3.9, and hence (n− 1)-SG-projective. However, for any 1 ≤ i ≤ n, Si
is not (n− 1)-SG-projective.
The following result is a generalization of [18, Theorem 2.1], which shows that some
special direct summand of an n-SG-projective module is again n-SG-projective. For a mod-
ule M ∈ ModR, we use M to denote the maximal submodule of M without projective
summands.
Theorem 3.11 For any n ≥ 1, a module M ∈ ModR is n-SG-projective if and only if
so is M .
Proof. Let M =M ⊕ P with P a projective module in ModR. If M is n-SG-projective,
then M is also n-SG-projective by Proposition 3.8.
Conversely, assume that M ∈ ModR is n-SG-projective. Then there exists an exact
sequence:
0→ (M =)M ⊕ P
fn
−→ Pn−1
fn−1
−→ · · ·
f1
−→ P0
f0
−→M ⊕ P (=M)→ 0
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in ModR with Pi projective for any 0 ≤ i ≤ n−1, such that HomR(−, Q) leaves the sequence
exact whenever Q ∈ ModR is projective.
Put Im fi = Ki for any 0 ≤ i ≤ n. First, consider the following push-out diagram:
0

0

0 // P //M
fn

//M //

0
0 // P // Pn−1

// Qn−1

// 0
Kn−1

Kn−1

0 0
Because M is G-projective, both M and Qn−1 are also G-projective by [15, Theorem 2.5].
So Ext1R(Qn−1, P ) = 0 and the middle row 0 → P → Pn−1 → Qn−1 → 0 in the above
diagram splits, which implies that Qn−1 is projective. Because Kn−1 is also n-SG-projective,
the third column
0→M → Qn−1 → Kn−1 → 0
in the above diagram is still exact after applying the functor HomR(−, Q) whenever Q ∈
ModR is projective.
Next, consider the following pull-back diagram:
0

0

K1

K1

0 // Q0 //

P0
f0

// P // 0
0 //M

//M

// P // 0
0 0
Then 0→ K1 → Q0 → M → 0 is exact and Q0 is projective. Thus we obtain the following
exact sequence:
0→M → Qn−1 → Pn−2 → · · · → P1 → Q0 →M → 0.
Note that both K1 and M are G-projective. Thus the above exact sequence is still exact
after applying the functor HomR(−, Q) whenever Q ∈ ModR is projective, which implies M
is n-SG-projective. 
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By Theorem 3.11, we immediately have the following
Corollary 3.12 Assume that M,N ∈ ModR are projectively equivalent. Then, for any
n ≥ 1, M is n-SG-projective if and only if so is N .
We denote modR the category of finitely generated left R-modules, and n-SG-proj(R) =
{M ∈ modR | there exists an exact sequence 0→M → Pn−1 → Pn−2 → · · · → P0 →M → 0
in modR with Pi projective for any 0 ≤ i ≤ n−1, such that HomR(−, P ) leaves the sequence
exact whenever P ∈ modR is projective}.
The following fact is useful, which is a generalization of [13, Proposition 1.1].
Lemma 3.13 For any n ≥ 1, n-SG-Proj(R)
⋂
modR = n-SG-proj(R).
Proof. Let M ∈ n-SG-proj(R). By using an argument similar to that of [13, Proposition
1.1], we have that M ∈ n-SG-Proj(R)
⋂
modR.
Conversely, let M ∈ n-SG-Proj(R)
⋂
modR. Then there exists an exact sequence:
0→M
fn
−→ Pn−1
fn−1
−→ · · ·
f1
−→ P0
f0
−→M → 0 (2)
in ModR with Pi projective for any 0 ≤ i ≤ n−1, such that HomR(−, P ) leaves the sequence
exact whenever P ∈ ModR is projective. Put Im fi = Ki for any 0 ≤ i ≤ n. There exists
a projective module P ′n−1 ∈ ModR such that Pn−1 ⊕ P
′
n−1 = Q is free, so we have an exact
sequence:
0→M
f ′n−→ Pn−1 ⊕ P
′
n−1
f ′
n−1
−→ Pn−2 ⊕ P
′
n−1
f ′
n−2
−→ Pn−3
fn−3
−→ · · ·
f1
−→ P0
f0
−→M → 0.
Then Im f ′n−1
∼= Kn−1 ⊕ P
′
n−1 and Im f
′
n−2
∼= Kn−2. Since M is finitely generated, one can
write Q = Qn−1⊕Q
′
n−1 with Qn−1 ∈ modR and Im f
′
n ⊆ Qn−1. So we get an exact sequence:
0 −→M
f ′n−→ Qn−1 −→ K
′
n−1 −→ 0 (3)
with K ′n−1 ⊕Q
′
n−1
∼= Im f ′n−1, and hence K
′
n−1 ∈ n-SG-Proj(R)
⋂
modR by Corollary 3.12.
Consider the following push-out diagram:
0

0

Q′n−1

Q′n−1

0 // Im f ′n−1 //

Pn−2 ⊕ P
′
n−1

// Kn−2 // 0
0 // K ′n−1

// X

// Kn−2 // 0
0 0
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Then X is G-projective by [15, Theorem 2.5], and so the middle column 0 → Q′n−1 →
Pn−2 ⊕ P
′
n−1 → X → 0 in the above diagram splits, which implies that X is projective.
Combining the exact sequences (2), (3) with the third row in the above diagram, we get an
exact sequence:
0→M
f ′
n−→ Qn−1 → X → Pn−3 → · · · → P0 →M → 0
with Qn−1 ∈ modR. Repeating the above procedure with K
′
n−1(
∼= Coker f ′n) replacing M ,
we finally obtain the following exact sequence:
0→M → Qn−1 → Qn−2 → · · · → Q0 →M → 0
in modR with Qi projective for any 0 ≤ i ≤ n− 1, which implies M ∈ n-SG-proj(R). 
The following result gives some equivalent characterizations of finitely generated n-SG-
projective modules.
Theorem 3.14 For any M ∈ modR and n ≥ 1, the following statements are equivalent.
(1) M is n-SG-projective.
(2) There exists an exact sequence:
0→M → Pn−1 → Pn−2 → · · · → P0 →M → 0
in modR with each Pi projective for any 0 ≤ i ≤ n− 1, and Ext
i
R(M,R) = 0 for any i ≥ 1.
(3) There exists an exact sequence:
0→M → Pn−1 → Pn−2 → · · · → P0 →M → 0
in modR with Pi projective for any 0 ≤ i ≤ n− 1, and Ext
i
R(M,F ) = 0 for any flat module
F ∈ ModR and i ≥ 1.
(4) There exists an exact sequence:
0→M → Pn−1 → Pn−2 → · · · → P0 →M → 0
in modR with Pi projective for any 0 ≤ i ≤ n− 1, and Ext
i
R(M,F ) = 0 for any F ∈ ModR
with finite flat dimension and i ≥ 1.
Proof. (1) ⇒ (2) follows from Lemma 3.13. The proofs of other implications are similar
to that of [3, Proposition 2.12], so we omit them. 
We have obtained some properties of the intersection between m-SG-projective modules
and n-SG-projective modules (see 3.3–3.6). We end this section with some properties of the
union of these modules.
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It has been known that
⋃
n≥1 n-SG-Proj(R) ⊆ {G-projective R-modules}. We will show
that this inclusion is strict in general, and also investigate when the equality holds true.
In the rest of this section, R is a finite-dimensional k-algebra over an algebraically closed
field k. Let M ∈ modR and
· · · → Pn → · · · → P1 → P0 →M → 0
be a minimal projective resolution of M in modR. Recall from [11] that complexity of M
is defined as cx(M) = inf{b ≥ 0 | there exists a c > 0 such that dimk Pn ≤ cn
b−1 for all n}
if it exists, otherwise cx(M) = ∞. It is easy to see that cx(M) = 0 implies M is of finite
projective dimension, and cx(M) ≤ 1 if and only if the dimensions of Pn are bounded.
Proposition 3.15 Let R be a self-injective algebra.
(1) If R is of infinite representation type with vanishing radical cube, then
⋃
n≥1 n-SG-
Proj(R) $ {G-projective R-modules}.
(2) If R is of finite representation type, then
⋃
n≥1 n-SG-proj(R) = {finitely generated
G-projective R-modules}.
Proof. Let R be a self-injective algebra. Then modR = {finitely generated G-projective
R-modules}.
(1) Assume that R is of infinite representation type with vanishing radical cube. Then by
[14, Theorem 6.1], there exists a module M ∈ modR such that cx(M) ≥ 2. It is easy to see
thatM is not n-SG-projective for any n ≥ 1. Thus
⋃
n≥1 n-SG-proj(R) $ {finitely generated
G-projective R-modules}, and therefore
⋃
n≥1 n-SG-Proj(R) $ {G-projective R-modules} by
Lemma 3.13.
(2) Assume that R is of finite representation type. We claim that any indecomposable
module M ∈ modR is n-SG-projective for some n ≥ 1. Otherwise, if M ∈ modR is not
n-SG-projective for any n ≥ 1. Then there exists a minimal projective resolution:
· · · → Pi → · · · → P1 → P0 →M → 0
of M in modR, which is of infinite length. Because R is self-injective, all Pi are also
injective. Then by [16, Lemma 2.6], all syzysy modules in the above exact sequence are
indecomposable. It is not difficult to see that any two of these syzysy modules are not
isomorphic, which implies that R is of infinite representation type. This is a contradiction.
The claim is proved. So it follows from Proposition 3.8 that any module M ∈ modR is
n-SG-projective for some n ≥ 1. Thus we get that
⋃
n≥1 n-SG-proj(R) = {finitely generated
G-projective R-modules}. 
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4. n-Strongly Gorenstein flat modules
In this section, we introduce the notion of n-strongly Gorenstein flat modules. Then
we study the homological behavior of n-strongly Gorenstein flat modules, and the relation
between these modules and n-strongly Gorenstein projective (resp. injective) modules.
Definition 4.1 Let n be a positive integer. A module M ∈ ModR is called n-strongly
Gorenstein flat (n-SG-flat for short), if there exists an exact sequence:
0→M
hn−→ Fn−1
hn−1
−→ Fn−2
hn−2
−→ · · ·
h1−→ F0
h0−→M → 0
in ModR with Fi flat for any 0 ≤ i ≤ n − 1, such that I ⊗R − leaves the sequence exact
whenever I ∈ModRop is injective.
Note that 1-SG-flat modules are just SG-flat modules. For any 1 ≤ i ≤ n, Imhi in the
above exact sequence is also n-SG-flat.
Let n be a positive integer. It is trivial that a 1-SG-flat (especially, flat) module is n-SG-
flat, and an n-SG-flat module is G-flat. It is clear that the weak global dimension of R is
infinite if there exists a non-flat n-SG-flat R-module for some n ≥ 1. On the other hand, for
a quasi-Frobenius ring R, it is easy to see that a module in ModR is n-SG-flat if and only
if it is n-SG-projective, if and only if it is n-SG-injective. So we have the following example
which illustrates that there exists an n-SG-flat module, but it is not m-SG-flat whenever
n ∤ m.
Example 4.2 Under the assumption of Example 3.2, because R is quasi-Frobenius, for
any 1 ≤ i ≤ n, we have the following facts: (1) Si is n-SG-flat; and (2) Si is not m-SG-flat
whenever n ∤ m.
Proposition 4.3 For any n ≥ 1, the subcategory n-SG-Flat(R) of ModR consisting of
n-SG-flat modules is closed under direct sums.
Proof. The proof is similar to that of Proposition 3.8, so we omit it. 
The following result is an analog of Theorem 3.9, which gives some characterizations
of n-SG-flat modules, and also gives a method how to construct a 1-SG-flat module from
n-SG-flat modules.
Theorem 4.4 For any M ∈ ModR and n ≥ 1, consider the following conditions.
(1) M is n-SG-flat.
(2) There exists an exact sequence:
0→M
hn−→ Fn−1
hn−1
−→ · · ·
h1−→ F0
h0−→M → 0
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in ModR with Fi flat for any 0 ≤ i ≤ n− 1, such that ⊕
n
i=1 Imhi is 1-SG-flat.
(3) There exists an exact sequence:
0→M
hn−→ Fn−1
hn−1
−→ · · ·
h1−→ F0
h0−→M → 0
in ModR with Fi flat for any 0 ≤ i ≤ n− 1, such that ⊕
n
i=1 Imhi is G-flat.
(4) There exists an exact sequence:
0→M
hn−→ Fn−1
hn−1
−→ · · ·
h1−→ F0
h0−→M → 0
in ModR, where Fi has finite flat dimension for any 0 ≤ i ≤ n− 1, such that ⊕
n
i=1 Imhi is
1-SG-flat.
(5) There exists an exact sequence:
0→M
hn−→ Fn−1
hn−1
−→ · · ·
h1−→ F0
h0−→M → 0
in ModR, where Fi has finite flat dimension for any 0 ≤ i ≤ n− 1, such that ⊕
n
i=1 Imhi is
G-flat.
In general, we have (1)⇔ (2)⇔ (3)⇒ (4)⇒ (5). If R is a right coherent ring, then all
of these conditions are equivalent.
Proof. (1) ⇒ (2) By using an argument similar to that in the proof of (1) ⇒ (2) in
Theorem 3.9, we get the assertion.
(2)⇒ (3)⇒ (5) and (2)⇒ (4)⇒ (5) are trivial, and it is easy to get (3)⇒ (1).
Assume that R is a right coherent ring. Notice that the subcategory of ModR consisting
of G-flat modules is closed under extensions and direct summands by [15, Theorem 3.7], and
also notice that a G-flat module in ModR with finite flat dimension is flat by Lemma 2.3, so
we get (5)⇒ (1) by using an argument similar to that in the proof of (5)⇒ (1) in Theorem
3.9. 
From the above argument, we see that n-SG-Flat(R) is not closed under direct summands
in general. However, the following result, which is a generalization of [18, Lemma 2.3], shows
that some special direct summand of an n-SG-flat module is again n-SG-flat. For a module
M ∈ ModR, we use M˜ to denote the maximal submodule ofM without flat direct summands.
Theorem 4.5 For any n ≥ 1, a module M ∈ ModR is n-SG-flat if and only if so is M˜ .
Proof. The sufficiency follows from Proposition 4.3. In the following, we will prove the
necessity.
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Assume that M ∈ ModR is n-SG-flat and I ∈ ModRop is any injective module. Then
there exists an exact sequence:
0→ (M =)M˜ ⊕ F
hn−→ Fn−1
hn−1
−→ · · ·
h1−→ F0
h0−→ M˜ ⊕ F (=M)→ 0
in ModR with F and Fi flat for any 0 ≤ i ≤ n − 1, such that I ⊗R − leaves the sequence
exact. Put Imhi = Li for any 0 ≤ i ≤ n. We first consider the following push-out diagram:
0

0

0 // F //M
hn

//
M˜
//

0
0 // F // Fn−1

// Hn−1

// 0
Ln−1

Ln−1

0 0
Then we have the following diagram with exact columns and rows:
0

0

L+n−1

L+n−1

0 // H+n−1
//

F+n−1

// F+ // 0
0 // (M˜ )+

//M+

// F+ // 0
0 0
where both F+ and F+n−1 are injective by [12, Theorem 2.1]. Because bothM
+ and L+n−1 are
G-injective by [15, Theorem 3.6], both (M˜)+ and H+n−1 are also G-injective by [15, Theorem
2.6]. Thus Ext1R(F
+,H+n−1) = 0 and the middle row
0→ H+n−1 → F
+
n−1 → F
+ → 0
in the above diagram splits. So H+n−1 is injective and hence Hn−1 is flat again by [12,
Theorem 2.1]. Because Ln−1 is n-SG-flat, the third column
0→ M˜ → Hn−1 → Ln−1 → 0
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in the former diagram is still exact after applying the functor I ⊗R −.
Next, we consider the following pull-back diagram:
0

0

L1

L1

0 // H0 //

F0

// F // 0
0 // M˜

//M

// F // 0
0 0
From the middle row in the above diagram we know that H0 is flat. Then from the third
row in the above diagram, we get an exact sequence:
0 = TorRi+1(I, F )→ Tor
R
i (I, M˜ )→ Tor
R
i (I,M) = 0
for any i ≥ 1. Thus TorRi (I, M˜ ) = 0 for any i ≥ 1 and therefore 0→ I ⊗R L1 → I ⊗R H0 →
I ⊗R M˜ → 0 is exact. So we obtain the following exact sequence:
0→ M˜ → Hn−1 → Fn−2 → · · · → F1 → H0 → M˜ → 0,
which is still exact after applying the functor I ⊗R −, which implies that M˜ is n-SG-flat. 
We call two modules M,N ∈ ModR flatly equivalent if there exist flat modules F1, F2 in
ModR, such that M ⊕ F1 ∼= N ⊕ F2. By Theorems 4.5, we immediately have the following
Corollary 4.6 Assume that M,N ∈ ModR are flatly equivalent. Then, for any n ≥ 1,
M is n-SG-flat if and only if so is N .
In the rest of this section, we will investigate the relation between n-SG-flat modules
and n-SG-projective (resp. injective) modules. We first have the following result, which is a
generalization of [3, Proposition 3.9].
Proposition 4.7 For any n ≥ 1, a finitely generated n-SG-projective R-module is finitely
presented n-SG-flat.
Proof. Assume that M is a finitely generated n-SG-projective R-module. By Theorem
3.14, there exists an exact sequence:
0→M → Pn−1 → Pn−2 → · · · → P0 →M → 0
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in modR with Pi projective for any 0 ≤ i ≤ n − 1, and Ext
i
R(M,R) = 0 for any i ≥ 1.
Let I ∈ ModRop be injective. By [5, Chapter VI, Proposition 5.3 “Remark”], we have an
isomorphism:
TorRi (I,M)
∼= HomR(Ext
i
R(M,R), I)
for any i ≥ 1. Thus TorRi (I,M) = 0 for any i ≥ 1, and therefore M is finitely presented
n-SG-flat. 
As an application of Proposition 4.7, we give another example of 2-SG-flat modules, but
not 1-SG-flat.
Example 4.8 Consider a Noetherian local ring R = k[[X,Y ]]/(XY ), where k is a field.
Then the ideals (X + (XY )) and (Y + (XY )) of R are finitely generated 2-SG-projective
R-modules by [6, Example 4.15], where (X + (XY )) and (Y + (XY )) are the residue classes
in R of X and Y . By Proposition 4.7, both (X + (XY )) and (Y + (XY )) are 2-SG-flat, but
neither of them are 1-SG-flat by [3, Example 3.11].
The following result generalizes [18, Theorems 2.4 and 2.12].
Proposition 4.9 (1) If M ∈ ModR is n-SG-flat, then M+ ∈ ModRop is n-SG-injective.
(2) For an Artinian algebra R, if M ∈ ModR is n-SG-injective, then M+ ∈ ModRop is
n-SG-flat.
Proof. (1) Assume that M ∈ModR is n-SG-flat. Then there exists an exact sequence:
0→M → Fn−1 → Fn−2 → · · · → F0 →M → 0
in ModR with Fi flat for any 0 ≤ i ≤ n − 1, and Tor
R
i (E,M) = 0 for any injective right
R-module E and i ≥ 1. So we get the following exact sequence:
0→M+ → F+0 → · · · → F
+
n−2 → F
+
n−1 →M
+ → 0
in ModRop with F+i injective by [12, Theorem 2.1]. Because Ext
i
R(E,M
+) ∼= TorRi (E,M)
+ =
0 for any i ≥ 1 by [5, Chapter VI, Proposition 5.1], M+ is n-SG-injective.
(2) Assume that M ∈ ModR is n-SG-injective. Then there exists an exact sequence:
0→M → In−1 → In−2 → · · · → I0 →M → 0
in ModR with Ii injective for any 0 ≤ i ≤ n− 1. So we get the following exact sequence:
0→M+ → (I0)+ → · · · → (In−2)+ → (In−1)+ →M+ → 0
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in ModRop with (Ii)+ flat for any 0 ≤ i ≤ n− 1.
Let E ∈ ModR be any injective module. Then E = ⊕γ∈ΓEγ with Eγ ∈ modR injective.
By [5, Chapter VI, Proposition 5.3 “Remark”], we have the following isomorphism:
TorRi (M
+, E) ∼= TorRi (M
+,⊕γ∈ΓEγ) ∼= ⊕γ∈Γ Tor
R
i (M
+, Eγ) ∼= ⊕γ∈Γ(Ext
i
R(Eγ ,M))
+ = 0
for any i ≥ 1, which implies that M+ is n-SG-flat. 
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